Abstract. The notion of luminosity distance is most often defined in purely FLRW (Friedmann-Lemaitre-Robertson-Walker) cosmological spacetimes, or small perturbations thereof. However, the abstract notion of luminosity distance is actually much more robust than this, and can be defined non-perturbatively in almost arbitrary spacetimes. Some quite general results are already known, in terms of dA observer /dΩ source , the cross-sectional area per unit solid angle of a null geodesic spray emitted from some source and subsequently detected by some observer. We shall reformulate these results in terms of a suitably normalized null geodesic affine parameter and the van Vleck determinant, ∆ vV . The contribution due to the null geodesic affine parameter is effectively the inverse square law for luminosity, and the van Vleck determinant can be viewed as providing a measure of deviations from the inverse square law. This formulation is closely related to the so-called Jacobi determinant, but the van Vleck determinant has somewhat nicer analytic properties and wider and deeper theoretical base in the general relativity, quantum physics, and quantum field theory communities. In the current article we shall concentrate on non-perturbative results, leaving near-FLRW perturbative investigation for future work.
Introduction
The luminosity distance, or its variant the luminosity modulus, is one of the key semiempirical observational quantities used in cosmology [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and cosmography [13] [14] [15] [16] [17] [18] [19] [20] [21] . Despite its widespread use and popularity, the theoretical foundations of the notion of luminosity distance still leave a number of open issues, which we shall explore in the current manuscript. In particular, in the current article we will focus on the extent to which we can make non-perturbative statements in generic spacetimes and we shall show that the luminosity distance is non-perturbatively related to total redshift, suitably normalized null affine parameter, and van Vleck determinant ∆ vV by
vV .
(1.1) Figure 1 . A congruence of light rays emitted at a point source S and received by an extended observer O. The luminosity distance between S and O is given by d L = (1 + z) dA o /dΩ s , while the area distance is d area = dA o /dΩ s . Here a is a tangent vector to a geodesic in the congruence.
A perturbative analysis, addressing "close to FRLW" cosmologies, will be deferred for future work [22] .
There are other approaches to deriving non-perturbative results for the luminosity distance in the literature. One possibility is to consider special adapted coordinate systems which greatly simplify the formulae for the luminosity distance, such as "observational coordinates" [23] or "geodesic lightcone coordinates" (GLC coordinates) [7, 24, 25] , (see also Appendix B). More recent approaches are [26] and [27] -the latter considers the optical drift of various cosmological observables in a general spacetime.
The structure of this paper is the following. In Section 2 we look at the different notions of cosmological distances and the relations between them. In Subsection 2.1 we look at the different contributions to the redshift in a general spacetime. In Subsection 2.2 we look at the affine parameter distance. In Subsection 2.3 we look at the van Vleck determinant and obtain formulae for the luminosity and area distances in terms of it. In Subsection 2.4 we consider the Jacobi determinant and its relation to the van Vleck determinant. In Subsection 2.5 we remark on the limitations of the luminosity and area distances. In Section 3 we consider conformal deformations of the spacetime metric. After introducing the transformation properties under conformal transformations of various quantities, we look at two examples -FLRW in Subsection 3.2 and Conformally FLRW in Subsection 3.3, both of them conformally related to the Einstein static universe. We calculate the van Vleck determinant for the Einstein static universe and analyse the three different cases and obtain formulae for the luminosity and area distances in FLRW and CFLRW. We also consider the limit of small peculiar redshifts. In Subsection 3.4 we conjecture formulae for the luminosity and area distances in a general spacetime. We conclude in Section 4.
Throughout the paper we work with the convention c = 1 and the metric is taken to have signature (−1, 1, 1, 1).
Luminosity distance and area distance
The luminosity distance is, at its most fundamental, defined in terms of the energy flux at the observer, F o , and the (absolute) luminosity at the source, L s , (the total output power). See for instance [1, 13] , or any of many other sources.
(2.1)
Measuring the photon energy flux F o is in principle straightforward. In counterpoint, estimating the source luminosity L s is trickier, and model-dependent, but once this is somehow achieved, an estimate for the luminosity distance is
To connect these definitions to specific properties of the spacetime, we start by noting that geometrically and kinematically one can argue that
Here dA o is the cross-sectional area, measured at the observer, of a spray of null geodesics which are, at the source, emitted into a solid angle dΩ s . 1 (So the dA o /dΩ s factor is purely geometric in origin.)
The two redshift factors are purely kinematical, due to two known effects: Individual photon energies are suppressed by a redshift factor 1/(1 + z), whereas the arrival time between individual photons is stretched by a redshift factor (1+z). The total redshift in turn depends on the peculiar velocities of both source and observer, on possible local gravitational inhomogeneities at both source and observer, and on the cosmological expansion of space between the source and observer.
Then in any arbitrary spacetime, without any loss of generality
(See for instance [1] .) Up to this stage, this is actually a quite standard result. Now observationally, instead of measuring the photon energy flux it is actually easier to count the number of photons received by the observer, and not appreciably more difficult to estimate the number of photons emitted by the source over the total lifetime of the event, (or over some intrinsically defined interval, say from peak luminosity to half-maximum). Then in terms of integrated photon number flux, and photon number luminosity:
This eliminates the two explicit redshift factors, and so allows one to empirically define the "area distance" (see figure 1 ):
This area distance is arguably closer to the empirical observations than the more common luminosity distance.
There is also a closely related notion of "angular diameter distance", which can most easily be defined in terms of the physical size of the source and the angle subtended at the observer as 
The Etherington distance duality relation does depend on a number of assumptions. Namely: (1) photon number is conserved, (2) gravity is described by a metric theory, (3) photons travel on unique null geodesics. Exotic physics could in principle violate one or more of these assumptions, and observational tests of this duality relation are an active area of research [28] [29] [30] . There are in addition many other notions of cosmological distance current in the literature [31] . For current purpose we shall however focus on luminosity and area distances.
While luminosity distances are for historical reasons more traditional , there are good physics reasons for working with area distances as well. (Of course one has not completely eliminated the redshift, just the manifestly obvious redshift factors -we shall soon see that when trying to connect dAo dΩs back to the evolution of the universe the cosmological contribution to the redshift will sneak back in.) From now on we shall work mainly with the luminosity distance keeping in mind that for each formula for the luminosity distance there exists an equivalent formula for the area distance which is obtained by removing the 1 + z factor.
Redshift
To define the redshift it is convenient to consider a null geodesic (a photon trajectory), affinely parameterized by λ, and carefully distinguish the null tangent 4-vector, the null 4-wave-vector, and the null 4-momentum: Since the photon 4-momentum is, by definition, parallel transported along the null trajectory we have a ∇ a p b = 0, (no external forces act on the photon, it is in free-flight). Since the tangent vector is chosen to be affine parameterized we have a ∇ a b = 0. Consequently the scalarẼ = ω, (and henceω itself), is constant along the null trajectory. HoweverẼ is not the locally measured energy, andω is not the locally measured frequency. In general for an observer of 4-velocity V a one has
So E and ω can change by purely geometric factors along the photon trajectory, as they should. Now let the source have timelike 4-velocity (V s ) a , and the observer have timelike 4-velocity (V o ) a . Then in all generality one has the rigorous non-perturbative result that the total redshift is (see for example [1, 20] ):
Note that the total redshift is purely geometrical, and by definition automatically frequency independent (achromatic). Let us now introduce two fiducial 4-velocities, (W s ) a and (W o ) a , at the source and observer and write
These fiducial 4-velocities W a might represent, for instance, the local rest frame of the CMB, or the local rest frame of the Hubble flow, though we do not at this stage need to make any stringent assumptions along these lines; any fiducial 4-velocity would do. This now factorizes the total redshift into an overall cosmological/gravitational contribution, plus two peculiar velocity contributions. First, the factor
represents the combined effects (as seen by fiducial observers) of cosmological expansion plus possible local variations in the gravitational field. Second, the factors 
This neatly splits the total redshift into cosmological/gravitational contributions plus peculiar motion contributions. This version of the redshift equation in principle allows for arbitrarily high peculiar velocities, and arbitrarily high cosmological/gravitational redshifts. 2 (Note that peculiar velocities need not necessarily be intrinsically small. Ultimately it is an observational question as to just how small they are [32] .)
Affine parameter distance
Consider the spray of affinely parameterized null geodesics, with null tangent 4-vector a = dx a /dλ, emitted from the source into some solid angle dΩ s . While the null affine parameters are well defined (up to constant rescaling) along each individual null geodesic, there is a priori no connection between the affine parameters on distinct null geodesics. Introduce such a connection between distinct null geodesics by enforcing (at the source and for all elements of the geodesic spray):
2 Often the peculiar velocities are known or assumed to be small, | v| 1, (we have set c → 1), in which case one has the simple perturbative result
But such a low-peculiar-velocity approximation is by no means necessary. Sometimes one sees the Doppler factor written as (1 +ˆ · v)/(1 −ˆ · v), but this is actually wrong as it incorrectly ignores the transverse Doppler effect. (Though it does give the correct low-peculiar-velocity limit.)
Going (temporarily) to Riemann normal coordinates at the source, (g s ) ab → η ab , and going to the fiducial rest frame (W s ) a → (1; 0), this implies (at the source and for all elements of the geodesic spray) that we can set
(Though note thatˆ i will vary as one selects different elements of the geodesic spray; the geodesics in the geodesic spray are moving more-or-less in the same direction, they are not moving exactly in the same direction.) That is, the affine parameters for all the null geodesics of interest are normalized by asserting that, at the source, the affine parameter along any of the elements of the null geodesic spray equals the proper time of the fiducial observer at the apex of that geodesic spray. That is, the fiducial observer at the source sees an outgoing (partial) light cone, and using local flatness, uses his/her time coordinate to naturally fix the near-apex affine parameter on each of the null geodesics making up the (partial) light cone. With this normalization convention the affine parameter distance ∆λ = λ o − λ s equals the distance the photon would have travelled in Minkowski space if the Riemann tensor were forced to zero.
3
As we shall soon see the luminosity distance d L is proportional to affine parameter distance ∆λ = λ o − λ s modulated by redshift and focussing effects:
(2.18)
The van Vleck determinant
The so-called van Vleck determinant has a wide and deep theoretical base in the general relativity, quantum mechanics, and quantum field theory communities. The van Vleck determinant is a general tool of wide applicability. In a general relativistic context see for instance [33-35, 38, 39] , further afield see for instance [40] [41] [42] [43] [44] . Among other things, in a general relativity context the van Vleck determinant encodes deviations from the inverse square law in the expansion of a null geodesic spray [33] [34] [35] .
A formal definition of the van Vleck determinant is given in [33, 34] . Here we explicitly evaluate the van Vleck determinant starting from equation (21.60) of reference [35] :
Note the source is taken to be at λ = 0. In flat Minkowski spacetime one has θ = 2/λ and so ∆ vV = 1. In a general setting the quantity Integrate from some small to λ. We see
(2.20)
3 With this normalization convention the cosmological/gravitational contribution to the redshift simplifies to
. This apparent simplification is less useful than one might at first imagine since one has to propagate the chosen normalization from source to observer.
But as → 0 we have ∆ vV ( ) → 1 as a byproduct of local flatness. So a more accurate and precise statement is this:
If we now shift the source from λ = 0 to λ s then we have
and 24) and all that happens to the formalism is this: 25) To match this to the previous analysis, note the standard result that:
See for instance the texts by Hawking and Ellis [45] or Wald [46] ; the point is that the null expansion is the relative change in cross sectional area A of a bundle of null geodesics (of fixed solid angle dΩ s ) emitted from the source. Then we see
But at small distances from the source local flatness implies
and we have
In particular at the observer
So the luminosity distance is
as required. So as anticipated, in any arbitrary spacetime we have
The nice feature here is that the affine parameter distance ∆λ = λ o − λ s is directly related to the length of the photon trajectory, and that the van Vleck determinant ∆
is directly related to focussing/defocussing effects (and trivializes to 1 in flat Minkowski space). If desired, one can relate this back to the flux by writing (in any arbitrary spacetime)
This makes manifest the fact that the van Vleck determinant characterizes deviations from the inverse square law [33] [34] [35] .
The Jacobi determinant
The dA o /dΩ s factor, and so implicitly the van Vleck determinant, can be related to the determinant of the so called Jacobi map [1, 36] . The Jacobi map relates changes in the null geodesic tangent vector at the source to transverse shifts in the photon trajectories. While the full Jacobi map contains more information than its determinant -information about the shear and vorticity of the congruence [37] -it is only its determinant which is important for the analysis of the luminosity and area distances.
Here we relate the van Vleck determinant directly to the Jacobi determinant without considering the full Jacobi map.
For a simplified presentation, consider the null geodesic spray emitted from the source in a solid angle dΩ s aimed in the general direction of the observer. In the immediate vicinity of the observer, the surface of constant ∆λ = λ o − λ s is generically a spacelike 2-surface of solid angle dΩ s , (modulo possible focussing singularities to be briefly discussed below). On that 2-surface set up angular 2-coordinates ξ i = (θ, φ) so that the 2-surface is characterized by x a (ξ i ) = x a (θ, φ). Then the induced 2-metric on that 2-surface is simply (In an Appendix A we relate this to the not particularly well known but increasingly useful notion of "pseudo-determinant".)
To finally relate this to the Jacobi matrix and Jacobi determinant, consider the 2-plane, at the observer, that is tangent to the 2-surface of constant ∆λ = λ o − λ s . Set up Cartesian coordinates x i ⊥ on this tangent plane, and consider the mapping ξ i → x i ⊥ (ξ i ) from the solid angle coordinates to the 2-tangent plane. The Jacobi matrix is then
Then in terms of the Jacobi determinant we have the following results
(The Jacobi determinant does not separate the inverse-square and focussing contributions, they are simply lumped together.) Comparing with the calculation for the van Vleck determinant we have
Here we see the inverse-square and focussing contributions cleanly separated.
Limitations of the luminosity and area distances
There is an implicit and fundamental limitation to using luminosity distance, and hence also the area distance, that should be kept in mind: At any conjugate point on the null geodesic [45] one has both det(J) = 0 and ∆ vV = ∞, so the luminosity distance is zero at any null geodesic focal point. (In fact the luminosity distance is zero at any null caustic.) As a practical matter, this suggests that any background galaxy with image sitting on top of, (or sufficiently near to), an Einstein arc is likely to have a luminosity distance that is grossly misleading. A foreground galaxy, between us and the lensing object, would not be anywhere near as problematic. (In counterpoint, while we have never observationally seen net negative gravitational masses, these would also lead to caustics and imply unusual behaviour for the luminosity distance [47] .) This is not, per se, a fatal objection -but it is something to keep in mind. This is also an opportunity -supernovae in host galaxies near an Einstein arc might in principle allow one to test aspects of otherwise unaccessible fundamental physics -but we will defer any such considerations for the future.
Even in a completely smooth FLRW universe the luminosity distance can sometimes be misleading: Consider a k = +1 FLRW universe (spatially a hyper-sphere), or a k = 0 FLRW universe with topological identifications (spatially a hyper-torus), or a k = −1 FLRW universe with topological identifications (spatially the hyperbolic plane modded out by a Möbius group). In all these cases with non-simply connected topology there is a finite spatial size to the universe and sufficiently large distances become small again. As a practical matter, this only causes significant problems for static universes, with eternally radiating non-evolving stars and galaxies -otherwise we could look at the "age" of the object to decide if it was near or far. There is at best extremely limited evidence for these extremely large-scale universe-sized problems. In contrast medium scale lensing and null caustics are potentially an issue.
3 Conformal deformations of the spacetime metric
Generalities
The behaviour of null geodesics under conformal deformations of the metric implies specific transformation properties for the luminosity distance. Under a conformal deformation g ab = exp(2Φ)ĝ ab the paths of the null geodesics are unaffected, though the affine parameters are non-trivially related by [35, 45, 46] 
Trivially one has
More subtle is the fact that
This implies that the redshift transforms as
Hence the luminosity distance transforms as
while the area distance transforms as
In applications one would typically take g ab to be the physical spacetime metric whilê g ab would be some (not directly physical) conformal deformation of spacetime useful for calculational purposes. Observe that the Jacobi matrix has the simple transformation law
but that the behaviour of the affine parameter distance (and van Vleck determinant) is more subtle. Indeed
The fact that affine parameter distance (and van Vleck determinant) does not simply rescale under conformal deformations is actually potentially useful, not a hindranceit implies that the van Vleck determinant might actually simplify much more radically under conformal deformations.
Example: FLRW cosmologies
A particularly simple example of conformal deformations of the spacetime metric comes from considering FLRW cosmologies. Consider the usual FLRW cosmology with spacetime metric 4 :
Introduce a new time parameter (conformal time) by defining dt/a(t) = dη/a * , where a * is some convenient arbitrary but fixed constant, (needed for k = ±1 in order to satisfy dimensional analysis), and then subsequently reparameterize a(t) → a(η) to write:
(3.11) Now the term in braces
is just the spacetime metric for the Einstein static universe, which we shall use as a computational aid; the real physical universe not being static. Then
The point is that d L,E , the luminosity distance in the unphysical but computationally useful Einstein static universe, is extremely easy to calculate. For a source placed at r = 0, and observer located at r, the flux is simply
(3.14)
Here z E the redshift in the Einstein static universe, depends only on the peculiar velocities (there are no local inhomogeneities or cosmological effects) so
But to determine r in terms of conformal time we note that for a null geodesic in the Einstein static universe
so we have
which implies
Now in the Einstein static universe we have 19) and furthermore the affine null parameter is simply the conformal time λ E = η, so we can extract the van Vleck determinant as
5 For k = 0 interpret this as a limit: lim k→0 {arcsin( √ kx)/ √ k} = x; whereas for k = −1 one simply has {arcsin( √ −1x)/ √ −1} = {arcsin(ix)/i} = arcsinh(x). 6 For k = 0 interpret this as a limit: lim k→0 {sin( √ kx)/ √ k} = x; whereas for k = −1 one simply has {sin( √ −1x)/ √ −1} = {sin(ix)/i} = sinh(x).
Then for k = 0 (flat spatial slices) ∆ vV,E ≡ 1, so there is no deviation from the inverse square law. For k = −1 (hyperbolic spatial slices) ∆ vV,E = (∆η/a * ) 2 sinh 2 (∆η/a * ) < 1. That is, one has defocussing induced suppression of the inverse square law. Finally, for k = 1 (hyperspherical spatial slices) ∆ vV,E = (∆η/a * ) 2 sin 2 (∆η/a * ) > 1, one has focussing induced enhancement of the inverse square law. Now going to the physical FLRW spacetime one has
Here z * is the cosmological contribution to the FLRW redshift (in this simple model there are no local inhomogeneities). Furthermore
Thence we have the fully non-perturbative result
Though somewhat formal, this does have the theoretical advantage of nicely and cleanly separating out the various distinct physical contributions to the luminosity distance in a general FLRW spacetime. For the area distance we have the fully non-perturbative result
While explicit occurrences of redshift have been eliminated, there will still be implicit dependence on redshift coming from any attempt at converting to a power-series in cosmological redshift. See for instance [13] . Indeed the goal of any "cosmographic" analyses is to invert a(η) to find η(a) and use a o /a s = 1 + z * to rewrite the conformal time as a function of the cosmological contribution to the redshift ∆η = a * f (1 + z * );
with normalization
Indeed we observe that f (1 + z * ) is simply another way of encoding the in-principlearbitrary function a(η). In terms of this newly defined function f (1 + z * ) we see
This gives (in any FLRW spacetime) a non-perturbative formulation for luminosity distance as a function of total redshift plus the peculiar velocity induced redshifts. The function f (1 + z) can be written in the standard manner in terms of the Hubble parameter, scale factor, deceleration, jerk, snap and higher order parameters. See for instance [13] .
These formulae clearly show the full redshift dependance of the luminosity and area distances. They provide non-perturbative information on the way redshift comes in; something that is in principle a little deeper than immediately resorting to finitely truncated power series. By rewriting the cosmological redshift in terms of total redshift and peculiar redshifts we have arranged to have at least one directly measurable quantity z in the final answer; and have at least some control over how the peculiar velocity contributions to the redshift contribute to the luminosity distance.
Specifically for small peculiar redshifts we see
This formula is exact in terms of the underlying FLRW cosmology, but approximate in terms of peculiar redshifts.
Example: CFLRW cosmologies
A conformal FLRW spacetime (CFLRW spacetime) is simply any spacetime that is conformal to a FLRW spacetime, but with an arbitrary possibly position-dependent conformal factor [20] . This in turn implies that any CFLRW spacetime is conformal to an Einstein static spacetime [20] :
(3.29) The physical reason that CFLRW spacetimes are important is because of the observed smoothness of the CMB: In view of the fact that the CMB is smooth to O(10 −5 ), the conformal mode is the only deviation from FLRW that has the slightest chance of becoming non-perturbatively large (between last scattering an the current epoch) without grossly distorting the CMB [20] . The mathematical reason that CFLRW spacetimes are important is because (from the point of view of luminosity distance, area distance, and photon propagation) they are almost as easy to analyze as the FLRW spacetimes. Although the CFLRW cosmologies are relatively easy to analyze mathematically, to date only relatively crude bounds have been put on the conformal factor [20] . (More complicated deviations from FLRW are generally treated perturbatively, though there is ongoing debates as to the significance of non-perturbative effects. See for instance [49] [50] [51] [52] [53] [54] .)
The analysis of photon propagation in the Einstein static (unphysical) reference spacetime carries through (completely unchanged) as in the previous subsection, and going to the physical CFLRW spacetime one has
Here a o can now be both time and space dependent, while z * is the cosmological/local gravity contribution to the CFLRW redshift. In this model there are local conformal inhomogeneities, so 1 + z * = a o /a s . One could for instance factor the scale factor a(x) =ā(η) a local (x) into a contributionā(η) characterizing the overall change in volume of the spatial slices, and a second contribution a local (x) characterizing volumepreserving conformal distortions of the spatial slices [20] . Then the cosmological and local contributions to the redshift further factorize
Collecting all this one has the non-perturbative result
Though definitely rather formal, this does have the theoretical advantage of nicely and cleanly separating out the various distinct physical contributions to the luminosity distance in a general CFLRW spacetime. Note in particular, that the factor a 0 = a o (a local ) o is common to all the objects one might look at. So there is no real loss of generality to simply absorbing this into one's definition of distance and asserting
This is equivalent to considering a luminosity modulus instead of a luminosity distance, µ L,CF LRW = ln(d L,CF LRW /a * ), and agreeing to ignore a common offset.
In counterpoint, adopting a modified "cosmographic" analyses (similar to that for the FLRW spacetimes) one can invertā(η) to find η(ā), and useā o /ā s = 1 +z * to rewrite the conformal time as a function of the cosmological contribution to the redshift:
This implies
(Note we now have a contribution from z local , the extra redshift contribution due to local deformations of the conformal factor, as well as from the peculiar velocity contributions.) This quite formal result seems to be as far as one can go without making some approximations and resorting to perturbation theory.
Remember, z is easy to measure; whereas measuring or estimating z local and z p is significantly more tricky.
For small peculiar redshifts, and small z local , we now see
This formula is exact in terms of the underlying CFLRW cosmology, but approximate in terms of peculiar redshifts and z local .
General spacetimes
In view of the results presented above we can argue that non-perturbatively the best we can hope for in any completely general spacetime is that
for some function F (z * ) of the cosmological contribution to the total redshift
A quite common approximation is to simply set
A better approximation would be to at least retain first-order terms in non-cosmological contributions to the redshift, z local , z p,s , and z p,o , a task to which we will turn in future work [22] . For now let us just point out that to first order
Conclusion
In this article we have derived expressions for the luminosity and area distances in terms of the redshift, the affine parameter distance and the van Vleck determinant which hold for an arbitrary spacetime. They are given by:
We have also shown that in all generality the Jacobi determinant is related to the van Vleck determinant by:
The van Vleck determinant explicitly captures deviations from the inverse square law. In flat spacetime, where the inverse square law holds exactly, we have ∆ vV = 1.
In an arbitrary spacetime one might have ∆ vV > 1, corresponding to geodesic focussing, or ∆ vV < 1, corresponding to geodesic defocussing. So the van Vleck determinant allows you to clearly separate the inverse square law contribution from the focussing/defocussing contribution; information which is obscured in the Jacobi determinant.
We have also derived explicit expressions for d L in arbitrary FLRW and Conformally FLRW Universes -they are given by (3.27) , (3.36) . Similar expressions hold for d area with the 1 + z factor removed.
While both d L and d area have limitations due to the potential existence of conjugate points along the null geodesic congruence and the potentially nontrivial topology of the universe, they allow you to test certain aspects of the geometry of the universe and, when complemented by redshift drift, allow you to test dynamics too.
A Pseudodeterminants
It is potentially of interest to re-write the formula (2.39) for dA o /dΩ s in terms of the increasingly commonly used notion of pseudo-determinant:
Here pdet, the pseudo-determinant, is simply the product over nonzero eigenvalues. Note that pdet(X) is sometimes denoted det (X), especially in the QFT literature. Furthermore pdet(AB) is not necessarily equal to pdet(A) pdet(B), some care is required in the analysis. Observe that the 4 × 2 matrix e A a (∂x a /∂ξ i ) has at least two eigen-zeros. One way of seeing the need for the pseudo-determinant is to note that the set of null geodesic tangent vectors forms a 2-sphere, the celestial sphere at the source.
To establish this result, argue as follows: Set M 
Here L is a 4 × 4 Lorentz transformation and R is a 2 × 2 rotation. Then (suppressing indices on the matrix multiplications)
But by the definition of a Lorentz transformation L T ηL = η, so
Multiplying out the inner three matrices
which completes the proof.
B Geodesic light cone coordinates
Geodesic light-cone (GLC) coordinates are a special type of coordinate system centred at a particular observer or source [24, 25] . They are set up in such a way that the formulas for the luminosity and area distances simplify considerably [7] . In certain cases, the formula obtained for the luminosity distance can be transformed to a more familiar gauge like the Poisson gauge [55] . Here we outline the derivations of the expressions for the Jacobi and van Vleck determinants and area and luminosity distances in the GLC gauge.
In geodesic light-cone coordinates (aka GLC gauge) the spacetime metric is:
If we order the coordinates as x a = (τ, w, ξ i ) then one has: • Note that on the null geodesics dτ dλ = Υ −1 , so the affine parameter is dλ = Υdτ .
• The "centre" of the spacetime is parameterized by w, and given by the timelike trajectory x a (w) = (τ * (w), w; ξ i ) a with tangent vector t a (w) = (τ * (w), 1; 0) a .
• In the vicinity of the "centre" local flatness implies
ij dξ i dξ j , (B.6) whereds 2 =γ ij dξ i dξ j is some (arbitrary) coordinate representation of the metric for a unit-radius constant-curvature 2-sphere.
• When properly normalized, (using local flatness), the 4-velocity of the "centre" is • Note that a = −g ab ∇ b w = (Υ −1 , 0; 0) a , so the null geodesics follow lines of constant w and constant ξ i .
• A bundle of null geodesics emitted from, or impinging on, the centre subtends a solid angle dΩ = √ detγ d 2 ξ.
• Away from the centre, a bundle of ingoing or outgoing null geodesics has cross sectional area dA = √ det γ d 2 ξ.
• The "centre" of the spacetime can either be set at the observer or at the source; the construction of GLC coordinates being largely symmetric under interchange of source and observer. Setting the centre at the observer maximizes the extent to which these GLC coordinates align with the so-called "observer coordinates". Setting the centre at the source maximizes the extent to which these GLC coordinates align with the rest of the present article. Let us therefore choose to put the centre at the source. So in GLC coordinates the area and luminosity distance simplify considerably (they factorise into source and observer contributions) while the complexity is hidden in the way the coordinates are set up.
As a consistency check, consider the 4-current density: This implies that the flux is 13) which again yields the same simple factorized formulae for area distance and luminosity distance.
